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Abstract. In this paper, we show that, for a biharmonic hyper- 
surface (M, g) of a Riemannian manifold {N, h) of non-positive 
Ricci curvature, if /^^ \H\'^Vg < oo, where H is the mean curvature 
of {M,g) in {N,h), then {M,g) is minimal in {N,h). Thus, for a 
counter example (M, g) in the case of hypersurfaces to the gener- 
alized Chen's conjecture (cf. Sect.l), it holds that J^^ \H\'^Vg — oo. 

1. Introduction and statement of results. 

In this paper, we consider an isometric immersion : (M, h) — )■ 
(A^, h), of a. Riemannian manifold {M,g) of dimension m, into another 
Riemannian manifold (A^, h) of dimension n = m + 1. We have 

Vlj,ip,Y = ip,iVxY) + kiX,Y)C, 

for vector fields X and Y on M, where V, are the Levi-Civita 
connections of {M,g) and {N,h), respectively, ^ is the unit normal 
vector field along ip, and k is the second fundamental form. Let A : 
T^M T^M {x G M) be the shape operator defined by g{AX, Y) = 
k{X,Y), {X,Y G TxM), and H, the mean curvature defined by H := 
—TTg{A). Then, let us recall the following B.Y. Chen's conjectrure 
Tcf. [3], [4]): 

Let If : {M,g) {W^,go) be an isometric immersion into the stan- 
dard Euclidean space. If ip is biharmonic (see Sect. 2), then, it is 
minimal. 



This conjecture is still open up to now, and let us recall also the 
following generalized B.Y. Chen's conjecture (cf. [3], [2]): 
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Let if : (M, g) — )■ (A^, h) be an isometric immersion, and the sec- 
tional curvature of {N, h) is non-positive. If </? is hiharmonic, then, it 
is minimal. 

Oniciuc ([9]) and Ou ([11]) showed this is true if H is constant. 

In this paper, we show 

Theorem 1.1. Assume that {M,g) is complete and the Ricci tensor 
Ric^ of {N, h) satisfies that 



If tp : {M,g) {N,h) is hiharmonic (cf. Sect. 2) and satisfies that 



then, if has constant mean curvature, i.e., H is constant. 

As a direct corollary, we have 

Corollary 1.2. Assume that {M,g) is a complete Riemannian mani- 
fold of dimension m and {N, h) is a Riemannian manifold of dimension 
m + 1 whose Ricci curvature is non-positive. If an isometric immersion 
(fi : {M,g) — )■ {N,h) is hiharmonic and satisfies that Jj^H^Vg < oo, 
then, (p is minimal. 

By our Corollary 1.2, if there would exist a counter example (cf. [11]) 
in the case dim N — dim M + 1, then it must hold that 



which imposes the strong condition on the behaviour of the boundary 
of M at infinity. Indeed, (1.3) implies that cither H is unbounded on 
M, or it holds that > C on an open subset O of M with infinite 
volume, for some constant C > 0. 



Ric^(e,o<i^ 



(1.1) 
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2. Preliminaries. 

In this section, we prepare general materials about harmonic maps 
and biharmonic maps of a complete Riemannian manifold into another 
Riemannian manifold (cf. [5]). 

Let {M, g) be an m-dimensional complete Riemannian manifold, and 
the target space {N, h) is an n-dimcnsional Riemannian manifold. For 
every C°° map 99 of M into N , and relatively compact domain in 
M, the energy functional on the space C°°(M, N) of all C°° maps of 
M into N is defined by 



and for a C°° one parameter deformation Lpt ^ C°°(M, A^) (— e <t<e) 
of Lp with ifQ = the variation vector field V along is defined by 
V = ^ ^(fit- Let Tq{lp^^TN) be the space of sections of the 

induced bundle ip^^TN of the tangent bundle TN by (p whose sup- 
ports are contained in fl. For V e rQ{ip~^TN) and its one-parameter 
deformation (pt, the first variation formula is given by 



d_ 
~dt 



t=o 



The tension field T{(p) is defined globally on M by 

m 

r((/.)=5:S(^)(e,,e,), (2.1) 

i=l 

where 

for X,F e X(M). Then, a C°° map ^ : {M,g) {N,h) is harmonic 
if r(</7) = 0. For a harmonic map ip : {M,g) — > {N,h), the second 
variation formula of the energy functional Eq{ip) is 

where 

J(V) A\/-7e(l^), 

rrt 

AV V* W = - E{Ve.(Ve,y) - Vv.,e.^}, 

m 

1=1 
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Here, V is the induced connection on the induced bundle ^TN, 
and is the curvature tensor of {N,h) given by R^{U,V)W — 
[Vl, - V'{u,v]W {U, V,We X{N)). 

The bienergy functional is defined by 



and the first variation formula of the bienergy is given (cf. [7]) by 
d 



dt 



t=o 



where the bitension field T2{ip) is defined globally on M by 

r^iip) = J(tM) = Aricp) - 7^(r(y;)), (2.2) 
and a C°° map (p : (M, g) {N, h) is called to be biharmonic if 

r2{v) = 0. (2.3) 



3. Some Lemma for the Schrodinger type equation 

In this section, we prepare some simple lemma of the Schrodinger 
type equation of the Laplacian on an m-dimensional non-compact 
complete Riemannian manifold (M, g) defined by 



A,/ := Ee^(eJ) - Ve,e,/ (/ e C~(M)), 



(3.1) 



where {ejj^i is a locally defined orthonormal frame field on {M,g). 

Lemma 3.1. Assume that (M, g) is a complete non-compact Riemann- 
ian manifold, and L is a non-negative smooth function on M. Then, 
every smooth function f on M satisfying the Schrodinger type equa- 
tion 



^J-Lf 



[on M) 



(3.2) 



must be a constant. 



Proof. Take any point Xq in M, and for every r > 0, let us consider the 
following cut-off function 77 on M: 

'0<?7(x)<l (xeM), 

r]{x) = 1 {xE Br{xo)), 

r]{x)=0 {x^B2r{xo)), (3-3) 
2 

iVr/l < - (on M), 
r 
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where Br{xo) = {x E M : d{x,xo) < r}, and d is the distance of 
{M,g). Multiply ry^ / on (3.2), and integrale it over M, we have 

/ {v'f)AJv,= f Lrj'fv,. (3.4) 
Jm Jm 

By the integration by part for the left hand side, we have 

/ {rj'f)AJv, = - [ 5(V(r/V),V/)v (3.5) 
Jm Jm 

Here, we have 

gi^iv' f) , V/) = 277 / 5( Vr/, V/) + rj' g{Vf, V/) 

= 2r//(Vr7,V/) + r72|V/|^ (3.6) 

where we use (•, •) and | • | instead of (/(■,■) and g{u,u) = |Mp 
{u e T^M), for simphcity. Substitute (3.6) into (3.5), the right hand 
side of (3.5) is equal to 



RHSoi{3.5) = - [ 2rjf{Vrj,Vf)vg-[ ry' |V/|%, 
Jm Jm 

= -2 / {fVri.V^f)v,- [ v'l'^fl'vg. 
Jm Jm 



(3.7) 



Here, applying Young's inequality: for every e > 0, and every vectors 
X and Y at each point of M, 

±2(X,y) < e|X|2 + (3.8) 

to the first term of (3.7), we have 

RHSoi{3.7)<e [ \^Vffv, + -[ \fVv\'v,-f v'\^f\'v, 
Jm e Jm Jm 

= -(l-e) / v'\^f\'v, + - [ f\Wv\'v,. 

Jm € JM ^2 gj 

Thus, by (3.5) and (3.9), we obtain 

/ Lr^'fv, + {l-e)fv'\Vf\'v,<-[ f 
Jm Jm e Jm 



Vg. 

(3.10) 



Now, puttig e = |, (3.10) implies that 

Jm Z Jm Jm 



(3.11) 
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Since 77 = 1 on Br{xo) and \Vr]\ < ^, and L > on M, we have 
0< / Lfvg + U |V/r^,<4/ fv,. 

Since {M,g) is non-compact and complete, r can tend to infinity, and 
Br{xo) goes to M. Then we have 

0< / Lfvg + l f \Vf\'vg<0 (3.13) 

since Jm P < 00. Thus, we have L/^ = and |V/| = (on M) 
which implies that / is a constant. □ 



4. BiHARMONIC ISOMETRIC IMMERSIONS. 

In this section, we consider a hypersurface M of an (m+l)-dimensional 
Riemannian manifold {N,h). Recently, Y-L. Ou showed (cf. [10]) 

Theorem 4.1. Let (p : {M,g) {N,h) be an isometric immersion 
of an m-dimensional Riemannian manifold (M, g) into another {m + 

1)- dimensional Riemannian manifold {N,h) with the mean curvature 
vector field rj = H^, where ^ is the unit normal vector field along (p. 
Then, (p is biharmonic if and only if the following equations hold: 

AgH - HlAl"^ + HRic^i^,^) = 0, 

m (A 1) 

2 A {VH) + ^ V{H'') -2H (Ric^(O)^ = 0, ^ ' ' 

where Ric"^ : TyN — >■ TyN is the Ricci transform which is defined by 
h{^\c^{Z),W) = Ric^(Z,PF) {Z,W e TyN), {-f is the tangential 
component corresponding to the decomposition ofT^(^,-i.-jN = (/9*(T^M)© 
R^x {x e M), and V/ is the gradient vector field of f e C°^{M) on 
{M,g), respectively. 



Due to Theorem 4.1 and Lemma 3.1, we can show immediately our 
Theorem 1.1. 

{Proof of Theorem 1.1.) 
Let us denote by L :— \A\^ — Ric^({,{) which is a smooth non- 
negative function on M due to our assumption. Then, the first equation 
is reduced to the following Schrodinger type equation: 

A,/ = L/, (4.2) 

where f :— H is a, smooth function on M by the assumption (1.2). 
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Assume that M is compact. In this case, by (4.2) and the integration 
by part, we have 

0</ Lfv,= f fiAJ)vg = -[ giVf,Vf)v,<0, 

J M J M J M <^ 

which imphes that g(Vf, V/) Vg = 0, that is, / is constant. 

Assume that M is non-compact. In this case, we can apply Lemma 
3.1 to (4.2). Then, we have that f — H is a, constant. □ 

[Proof of Corollary 1.2.) 

Assume that Ric^ is non-positive. Since L = \A\'^ — Ric^(^,^) is 
non-negative, H is constant due to Theorem 1.1. Then, due to (4.1), 
we have that ffL = and ff (Ric^(O)^ = 0. U H 0, then L = 0, 
i.e., 

Ric^(e,0 = l^r- (4.4) 

By our assumption, Ric ^) < 0, and the right hand side of (4.4) is 
non-negative, so we have \A\'^ — 0, i.e., A = 0. This contradicts H 0. 
We have H = 0. □ 
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